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MULTIPLICATIVE FUNCTIONS
COMMUTABLE WITH SUMS OF SQUARES
POO-SUNG PARK
Abstract. Let k be an integer greater than or equal 4. We show that if a
multiplicative function f satisfies
f(x21 + x
2
2 + · · ·+ x
2
k
) = f(x1)
2 + f(x2)
2 + · · ·+ f(xk)
2
for all positive integers xi’s, then f is the identity function.
1. Introduction
We call an arithmetic function f(x) : N → C multiplicative if f(1) = 1 and
f(mn) = f(m)f(n) whenever m and n are relatively prime. Many mathematicians
have solved various functional equations about multiplicative functions. Claudia
Spiro, in 1992, showed that if a multiplicative function f satisfies f(p+ q) = f(p)+
f(q) for any primes p and q and f(p0) 6= 0 for some prime p0, then f is the identity
function [15]. It has influenced lots of mathematicians to develop her problem into
diverse variations. The number of primes has been varied [9, 7] and primes has been
changed to triangular numbers [5]. Lots of articles of similar themes are found in
[2, 3, 4, 5, 6, 11, 13, 14].
Recently, Basˇic´ [1] characterized arithmetic functions satisfying f(m2 + n2) =
f(m)2+ f(n)2 for all m,n ∈ N. The author extended his result to the sum of three
squares [12]. In this article, the author characterizes multiplicative functions that
preserve sum of fixed number of squares.
2. Results
Theorem 1. If a multiplicative function f : N→ C satisfies
f(x2 + y2) = f(x)2 + f(y)2
for all positive integers x and y, then f(n2) = f(n)2 = n2.
Proof. This is a consequence of Basˇic´’s characterization of arithmetic functions
satisfying the abovementioned condition [1]. 
Theorem 2. If a multiplicative function f : N→ C satisfies
f(x2 + y2 + z2) = f(x)2 + f(y)2 + f(z)2
for all positive integers x, y and z, then f is the identity function.
Proof. This was proved in [12]. 
Theorem 3. Let k be an integer ≥ 4. If a multiplicative function f : N → C
satisfies
f(x21 + x
2
2 + · · ·+ x
2
k) = f(x1)
2 + f(x2)
2 + · · ·+ f(xk)
2
for all positive integers xi, then f is the identity function.
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Proof. Dubouis [8], [10, Chapter 6] showed that every integer n can be represented
as a sum of k nonvanishing squares except
n =


1, 3, 5, 9, 11, 17, 29, 41, 2 · 4m, 6 · 4m, 14 · 4m (m ≥ 0) if k = 4,
33 if k = 5,
1, 2, . . . , k − 1, k + 1, k + 2, k + 4, k + 5, k + 7, k + 10, k + 13 if k ≥ 5.
i) Assume that k = 4. Note that f(1) = 1 and f(4) = 4.
Since
f(12) = f(3)f(4) = 4f(3)
= f(1)2 + f(1)2 + f(1)2 + f(3)2 = 3 + f(3)2,
we obtain that f(3) = 1 or f(3) = 3.
Let us consider f(5). Since
f(20) = f(4)f(5) = 4f(5)
= f(1)2 + f(1)2 + f(3)2 + f(3)2 = 2 + 2f(3)2,
f(5) = 1 or f(5) = 5 according to the value of f(3).
Similarly, from
f(28) = f(4)f(7) = 4f(7)
= f(1)2 + f(3)2 + f(3)2 + f(3)2 = 1 + 3f(3)2
we have that f(7) = 1 or f(7) = 7 according to the value of f(3).
Note that
f(35) = f(5)f(7)
= f(1)2 + f(3)2 + f(3)2 + f(4)2 = 17 + 2f(3)2.
Hence we conclude that f(3) = 3, f(5) = 5, and f(7) = 7. Then f(2) = 2 also
follows from
f(10) = f(2)f(5)
= f(1)2 + f(1)2 + f(2)2 + f(2)2 = 2 + 2f(2)2
and
f(7) = f(1)2 + f(1)2 + f(1)2 + f(2)2 = 3 + f(2)2.
If we consider
f(18) = f(2)f(9) = 2f(9)
= f(1)2 + f(2)2 + f(2)2 + f(3)2 = 18,
we have that f(9) = 9. The similar manner gives us
f(11) = 11, f(17) = 17, f(29) = 29, f(41) = 41.
Now suppose that f(2 · 4r) = 2 · 4r for r < m. Then f(n) = n when n < 2 · 4m.
Since 5 · 2 · 4m can be represented as a sum of squares of four positive integers less
than 2 · 4m, we can conclude that f(5 · 2 · 4m) = 5 · 2 · 4m. In other hand,
f(5 · 2 · 4m) = f(5)f(2 · 4m) = 5f(2 · 4m)
and thus f(2 · 4m) = 2 · 4m.
Now consider 6 · 4m. Since f(6 · 4m) = f(3)f(2 · 4m), we obtain that f(6 · 4m) =
6 · 4m. Similarly, f(14 · 4m) = f(7)f(2 · 4m) = 14 · 4m.
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ii) Assume k = 5. Then f(1) = 1 and f(5) = 5.
From
f(20) = f(4)f(5) = 5f(4)
= f(1)2 + f(1)2 + f(1)2 + f(1)2 + f(4)2 = 4 + f(4)2
= f(2)2 + f(2)2 + f(2)2 + f(2)2 + f(2)2 = 5f(2)2
we obtain f(4) = 1 or f(4) = 4. Also, f(2) = 1 or f(2) = ±2 according to the
value of f(4).
From
f(29) = f(1)2 + f(1)2 + f(1)2 + f(1)2 + f(5)2 = 29
= f(1)2 + f(1)2 + f(3)2 + f(3)2 + f(3)2 = 2 + 3f(3)2
= f(1)2 + f(2)2 + f(2)2 + f(2)2 + f(4)2 = 1 + 3f(2)2 + f(4)2
we obtain that f(29) = 29, f(2) = ±2, and f(3) = ±3. Also, this fixes f(4) = 4.
Note that both of m and 2m can be represented as sums of five squares for
sufficiently large m coprime to 2. Since f(2m) = f(2)f(m) and both of f(2m) and
f(m) are positive, f(2) is also positive. That is, f(2) = 2. Similarly, f(3) = 3 and
thus f(6) = 6.
Now, we use induction to show that f(n) = n for n ≥ 7. Assume that f(m) = m
for m < n. Then n(n − 1) ≥ 42 and it can be represented as a sum of squares of
five positive integers less than n. Thus
f(n(n− 1)) = n(n− 1).
Since n and n− 1 are relatively prime,
f(n(n− 1)) = f(n)f(n− 1) = f(n)(n− 1)
and thus f(n) = n.
iii) k = 6
Clearly, f(1) = 1 and f(6) = 6. From the equalities
f(30) = f(5)f(6) = 6f(5)
= f(12 + 12 + 12 + 12 + 12 + 52) = 5 + f(5)2
= f(12 + 12 + 12 + 32 + 32 + 32) = 3 + 3f(3)2
= f(12 + 12 + 22 + 22 + 22 + 42) = 2 + 3f(2)2 + f(4)2
f(41) = f(12 + 12 + 12 + 12 + 12 + 62) = 41
= f(12 + 12 + 12 + 22 + 32 + 52) = 3 + f(2)2 + f(3)2 + f(5)2
f(21) = f(12 + 12 + 12 + 12 + 12 + 42) = 5 + f(4)2
= f(12 + 22 + 22 + 22 + 22 + 22) = 1 + 5f(2)2
we deduce that
f(2) = ±2, f(3) = ±3, f(4) = ±4, f(5) = 5.
Considering 2m, 3m, and 4m for sufficiently large m, we obtain that f(n) = n
for n ≤ 6. Now we can show f(n) = n by the way similar to the previous case.
iv) k = 7
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We have that f(1) = 1 and f(7) = 7. Note that
f(31) = f(12 + 12 + 12 + 12 + 32 + 32 + 32) = 4 + 3f(3)2
= f(12 + 12 + 12 + 22 + 22 + 22 + 42) = 3 + 3f(2)2 + f(4)2
= f(12 + 12 + 12 + 12 + 12 + 12 + 52) = 6 + f(5)2
f(42) = f(12 + 12 + 12 + 12 + 12 + 12 + 2232) = 6 + f(2)2f(3)2
= f(12 + 22 + 22 + 22 + 22 + 32 + 42) = 1 + 4f(2)2 + f(3)2 + f(4)2
= f(12 + 12 + 12 + 12 + 22 + 32 + 52) = 4 + f(2)2 + f(3)2 + f(5)2
f(55) = f(12 + 12 + 12 + 12 + 12 + 12 + 72) = 55
= f(12 + 12 + 12 + 12 + 12 + 52 + 52) = 5 + 2f(5)2.
Thus, we can find that
f(2) = ±2, f(3) = ±3, f(4) = ±4, f(5) = ±5.
We can conclude that f(n) = n by the similar way.
v) k ≥ 8
Since f(1) = 1, f(k) = k, and
f(k(k − 1)) = f(k)f(k − 1) = f(1)2 + · · ·+ f(1)2︸ ︷︷ ︸
k−1 times
+f(k − 1)2,
the value of f(k − 1) is either 1 or k − 1.
Since
40 = 12 + 12 + 12 + 12 + 62
= 22 + 32 + 32 + 32 + 32,
we obtain that
(k − 5)× f(1)2 + 4× f(1)2 + (f(2)f(3))2 = (k − 5)× f(1)2 + f(2)2 + 4f(3)2
or
4 + (f(2)f(3))2 = f(2)2 + 4f(3)2.
Also, from
32 = 12 + 12 + 12 + 12 + 12 + 32 + 32 + 32
= 22 + 22 + 22 + 22 + 22 + 22 + 22 + 22,
we obtain that 5 + 3f(3)2 = 8f(2)2.
Solving two equations, we can find solutions
f(2) = ±1, f(3) = ±1 or f(2) = ±2, f(3) = ±3.
Now, let 3a + 8b = 2k − 1 with nonnegative integers a and b. This is possible
unless 2k − 1 = 1, 2, 4, 5, 7, 10, 13. That is, if 2k − 1 > 13, then it is represented in
such a way. The number 13 is called the Frobenius number of 3 and 8.
Note that
(k − 1) + (2k − 1) + (k − 1)2 = k2 + k − 1
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and thus
f(k2 + k − 1) = f(k)2 + (k − 1)f(1)2 = k2 + k − 1
= f(12 + · · ·+ 12︸ ︷︷ ︸
k−a−b−1 times
+22 + · · ·+ 22︸ ︷︷ ︸
a times
+32 + · · ·+ 32︸ ︷︷ ︸
b times
+(k − 1)2)
= (k − a− b− 1) + af(2)2 + bf(3)2 + f(k − 1)2.
Therefore
f(2) = ±2, f(3) = ±3, f(k − 1) = k − 1.
Since
42 + 22 + 22 + 22 = 12 + 32 + 32 + 32
52 + 12 + 12 = 32 + 32 + 32
6 = 2× 3
72 + 12 = 52 + 52
82 + 12 = 42 + 72
92 + 22 = 62 + 72
10 = 2× 5,
we obtain that f(n) = ±n for n ≤ 10.
Note that
(2ℓ+ 1)2 + (ℓ − 2)2 = (2ℓ− 1)2 + (ℓ+ 2)2 with ℓ ≥ 5
and
(2ℓ)2 + (ℓ − 5)2 = (2ℓ− 4)2 + (ℓ+ 3)2 with ℓ ≥ 6.
Hence, by induction, f(n) = ±n for all n.
It is similar to the previous cases to show that f(n) is positive. Therefore,
f(n) = n.

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